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' The somewhat fragmented body of current hterature analyzing the properties of test 

^>>^ ^ particle motion in static and stationary spacetimes and in general spacetimes is pulled 

, together and clarified using the framework of gravitoelectromagnetism. 

o 

. 1 Introduction 



During the past decade a long list of authors have studied various properties of test 
particle motion in static or stationary axisymmetric spacetimes, usually in "uniform 
. ^ circular motion" along an integral curve of a timelike Killing vector field associated 

■ with this symmetry. Many of these authors have decomposed the acceleration vector 

field along the test world line with respect to a family of observers defined on most 
of the spacetime which are also in uniform circular motion. This acceleration vector 
is orthogonal to the cylindrical world sheet symmetry group orbits containing the 
circular world lines, the case of purely transverse relative acceleration with respect 
to any of these observer families, and so the observer spatial projection acts as the 
identity on the acceleration vector. Thus in this special case, the relative observer 
/ relative motion orthogonal splitting 4— i-3 + l^(2 + l) + lof the full tangent 
space first into the local rest space and local time direction of the observer and 
then of the local rest space into its transverse and longitudinal subspaces relative 
to the direction of relative motion of the test particle provides a representation of 
the full acceleration vector itself rather than just of its observer spatial projection. 
However, the relative observer approach has the advantage over the direct spacetime 
approach of offering a directly interpretable physical relative velocity variable to 
parametrize the circular motion, whereas the spacetime approach is limited to the 
use of the coordinate angular velocity variable whose interpretation (as a speed to 
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be compared to the speed of light) depends on further quantities. 

Sonic authors have attempted to gcnerahzc a conformal variation of this relative 
observer / relative motion splitting of the acceleration of the acceleration vector of 
a test particle from these special symmetry conditions to general motion in general 
spacctimes. However, the general language of gravitoclcctromagnctism, which pro- 
vides a systematic approach to work much of which is many decades old, already 
provides unambiguously all possible such acceleration decompositions in a general 
spacetime. For a rotating black hole spacctime where there is a natural slicing by 
the integral hypersurfaces of the local rest spaces of the locally nonrotating (zero an- 
gular momentum) observers and a natural threading by the world lines of the static 
Killing observers which are at rest with respect to spatial infinity, there are three 
different descriptions (hypersurface, threading, and slicing) and 3 natural observer 
time derivatives, one of which does not commute with index shifting leading to 4 
distinct time derivatives of the contravariant and covariant forms of a vector field, 
and therefore to 12 different acceleration decompositions, which double in number 
when one includes the Fermat's principle inspired optical conformal transformation 
variation of this decomposition. The utility of any of these 24 possibilities for de- 
scribing test particle motion in any spacetime remains to be justified in particular 
applications. 

In the very special case of a static axisymmetric spacetime, the various points 
of view and observer time derivatives compatible with the symmetry each collapse 
from three to one in number, and these 24 descriptions reduce to 2 in number, the 
standard relative observer approach and its optical conformal variation. Each of 
these seem useful in understanding certain aspects of the qualitative behavior of test 
particle motion, and the latter is clearly an elegant geometrization of the relative 
motion of massive and massless test particles. 

The present article summarizes this situation in an attempt to bring more 
understanding among the current groups in this field of each other's distinct points 
of view. 

2 The Roster of Players 

A number of different approaches have been taken in studying the properties of 
circular orbits in static and stationary spacetimes. One approach followed by De 
Felice, Semerak, Page, and others attacks the problem from the spacetime point 
of view, while others use a space-plus-time decomposition of the 4-acceleration 
with respect to a family of test observers, leading to an interpretation involving 
inertial forces due to their motion. Of the latter Abramowicz et al have been 
evolving a generalization of such an approach from the special static axisymmetric 
case up to general spacetimes, while Bini, Carini, and Jantzen have specialized 
gravitoelectromagnetism, the relativity of observer splitting formalisms, from the 
case of general spacetimes down to stationary and axisymmetric ones. The tools 
of this last approach provide a necessary clarification and comparison of all the 
work in this area. In particular the gradual reorientation of the Abramowicz et al 
4-acceleration dcxjomposition from the static case to general spacetimes is shown to 
have as its target the conformal modification inspired by Fermat's principle of the 
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standard space-plus-time splittings of the various observer congruence approaches 
(congruence, threading, hypersurface, sHcing) in use today. 

The players in the current inertial forces / test particle motion game fall into a 
number of groups. 



Abramowicz et al I 

Abramowicz and Lasota examined the roots of their later work in 1974 but did not 
really begin studying inertial, especially centrifugal, forces in static and stationary 
spacetimes until Abramowicz and Lasota □ (1986) and Abramowicz, Carter, and 
Lasota H in 1988 (as an alternative to an earlier approach of De Felice, for example, 
as they explicitly note), and were then joined in continuing this work and extending 
it to general spacetimes in a series of applications and sequential corrections by 
Prasanna, Chakrabarti, Bicak, Miller, Stuchlfk, Nurowski, Wex, Sonego, Lanza, 
Massar, and Iyer. 

Bini, Carini, and Jantzen 

Jantzen and Carini (1991) were later joined by Bini in studying the larger picture 
of the relativity of spacetime splitting formalisms and inertial forces in test parti- 
cle motion, which they called gravitoelectromagnetism. More recently they have 
specialized this work to some familiar stationary axisymmetric spacetimes. 

De Felice and Usseglio-Tomasset 

De Felice (1971) began by studying properties of test particle motion in black hole 
spacetimes and did some preliminary work looking at the inertial force analogy in 
1975, but did not use the inertial force language, instead relying on the angular 
velocity variable to express spacetime results for circular orbits. With Usseglio- 
Tomasset in 1991 he began overlapping with the Abramowicz group work, finally 
joining with Semerak. 

Vishveshwara and Iyer 

Vishveshwara started with collaborators Honig and Schiicking (1974) and Greene 
and Schiicking (1975), examining the stationary rest frame in black hole spacetimes 
and was later joined by Iyer (1993) in examining test particle motion in Killing 
submanifolds using the spacetime Frenet-Serret formalism and then with Nayak 
made contact with the Abramowicz inertial force ideas. 

Semerak 

Semerak started by examining stationary observer families in black hole spacetimes 
in 1993, clearly making contact with the work of de Felice, and then continued on 
to inertial forces and test particle motion in general and in black hole spacetimes 
starting in 1995, in the context of the Abramowicz et al and Bini- Carini-J aptzen 
work. (See also earlier work by Tsoubelis, Economou, and Stoghianidis Eatil on 
spinning test particles in black hole spacetimes.) Page cpritinued studying properties 
of stationary observer congruences in the same spirit. e3 
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Barrabes, Boisseau, and Israel EJ 

Along the way Barrabes, Boisseau, and Israel (1995) injected some useful perspec- 
tives on the issues of inertial forces in black hole spacetimes from the hypersurface 
point of view. 

Rindler and Perlick 

Rindler and Perlick (1990) introduced a nice analysis of circular orbits in stationary 
axisymmctric spacetimes which proved useful in some of the above work. This was 
followed by interesting work by Perlick on Fermat's principle in general pffilativity 
(see, e.g., M0llerE3) and related ideas. (See also Rindler's recent article. lB) 

Most of this work using a relative observer analysis has its roots in the literature 
dating back to the fifties, although there seems to be somewhat of a literature 
horizon effect in the bibliographies of the current generation of articles. An extensive 
bibliography is given elsewhere. c3 Similar questions about properties of test particle 
motion are also studied directly from the spacetime point of view without direct 
reference to a test observer family as already noted above. This article will discuss 
the situation from the observer point of view. The spacetime metric g is assumed 
to have signature (-+++) and ||X|| = \g{X, X)\^^'^ will denote the length of a vector 
field, while and will denote the totally covariant and totally contravariant 
forms of a tensor field obtained by index shifting with the spacetime metric. 

3 The Game: Observing Test Particle Motion and Spin Precession Ef- 
fects 

One starts with 1) a congruence of test observer world lines with 4- velocity field u 
covering the region of interest in a given spacetime and then analyzes the properties 
of 2) individual test particle (timelike or null) world lines with 4- velocity U (timelike 
case) or 4-momentum P (null case) defined only along each such world line. 

For a single such test world line, attention is thus confined to a "relative 
observer world 2-sheet" in spacetime illustrated in Figure 1 representing the 
sheaf of observer world lines which cross the test particle world line. This world sheet 
projects down to a curve in the quotient space of observer world lines representing 
the trajectory in the test observer "space." At each point of the test particle world 
line, the tangent plane to this 2-sheet is the "relative observer 2-plane" spanned 
by u and U or u and P also containing the unit vectors representing the directions 
of relative motion. In the timelike case, for example, as illustrated in Figure 2, one 
has the reciprocal pair of orthogonal decompositions 

U = -f{U,u)[u + i'(U,u)] , i'{U,u)^\\j^{U,u)\\-^iy{U,u) , 

u = j{u,U)[U + iy{u,U)] , Hu,U)^\\iy{u,U)\\-'iy{u,U) , (1) 

while in the null case one has only 

P = EiP,u)[u + i^{P,u)] , (2) 
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where the hat notation indicates unit vectors. One can also introduce the mo- 
mentum representation of this orthogonal decomposition for the timelike case (for 
convenience set the rest mass m = 1 so that P = mil = U) 

P = E{U,u)u + p{U,u)=jiU,u)u+\\p{U,u)\\uiU,u) . (3) 
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Figure 1; The relative observer world sheet of u and U. 
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-z>(w, U) 



i){U,u) 



Figure 2: The relative observer plane of u and U. The unit vector 0(17, u) gives the direction of 
the longitudinal subspace of the local rest spa<;e LRSu relative to U, while !>(u, U) does the same 

for LRSu- 




Figure 3: The relative motion orthogonal decomposition of the local rest spaces of u and (/. The 
intersection of the two local rest spaces is the common 2-dimensional transverse subspace of the 

tangent space. 
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Table 1: Summary of the key concepts underlying the natural mathematical structure of this 

problem. 

observer congruence: orthogonal projection, 

kinematical quantities 

+ 

test particle world line: intrinsic derivative 

relative observer world sheet: projected intrinsic derivatives 



In the timelike case one has a further "relative motion orthogonal decom- 
position" illustrated in Figure 3 of the two local rest spaces LRSu and LRSu into 
the common 2-dimensional subspace LRSu H LRSu transverse to the direction of 
relative motion and its 1-dimensional (longitudinal) orthogonal complement along 
the direction of relative motion in each such rest space. In the null case one has only 
the orthogonal decomposition of LRSu into the 1-dimensional longitudinal subspace 
along the direction of relative motion and its 2-dimensional transverse orthogonal 
complement. 

Spin precession effects for a test particle are studied via a vector 5* belonging to 
LRSu undergoing Fermi- Walker transport along the test world line in the timelike 
case. The behavior of the world line itself as seen by the observer family requires the 
choice of a gciomctric temporal derivative operator along the test world line, equiv- 
alent to the choice of a spatial frame along that world line (having zero derivative), 
in order to measure changes in the components of the measured fields as they evolve 
along the world line, given a choice of paramctrization for it. A number of such 
geometric derivatives along a curve are available, leading to collection of quantities 
that are defined by derivative formulas, depending on the choice of this derivative. 

This mathematical setting has a natural mathematical structure which requires 
no invention, which is unambiguous, and which has a direct physical interpretation. 
The key concepts are summarized in Table 1. 



4 Inertial forces: Measuring the 4- Acceleration/4- Force Equation 

The 4-acceleration a{U) = DU/dru of a timelike test particle parametrized by the 
proper time tu is the intrinsic derivative of the 4- velocity along its world line. The 
equation of motion for the test particle is the 4-acceleration/4- force equation 

aiU) = !{U) . (4) 

This is measured by the observer family by orthogonally projecting it into a family 
of spatial fields, in this case a scalar and a spatial vector. The temporal projection 
along u leads to the evolution equation for the observed energy of the test particle 
along its world line, while the spatial projection orthogonal to u leads to the evolu- 
tion equation for the observed 3-momentum of the particle along its world line, with 
the kinematical quantities describing the motion of the family of observers enter- 
ing these measured equations as "inertial forces." The spatial projection operator 
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P{u) acts on a tensor by contraction of all indices with the corresponding projection 

tensor, here identified with the same symbol P{u) = Id + u ^ . The covariant 
form of this mixed index tensor is the spatial metric h(u) = Piuf = P(u)g. 

Dividing the measured spatial projection equation by the gamma factor of the 
test particle in the timelike case, one may absorb this factor into a reparametrization 
of the world line by the sequence of observer proper times T(c/^^) along it rather than 
by the test particle's own proper time tu, related by dr^u^u) / dru = 'y{U,u). The 
result 

7(C/, u)-'P{u)a{U) = j{U, u)-'P{u)f{U) (5) 
is directly equivalent to 

^(fw) {U, U) p{U, u)/dT(u,u) - 4w) = ^(f^' «) ' (6) 

where P{u)D / dTjj = D ij^-^iU , u) / dru is the spatial Fermi- Walker intrinsic deriva- 
tive along the test world line and F{U,u) = '){U,u)~^P(u)f{U) is the measured 
3-force. The term appearing with a minus sign on the left hand side of this pro- 
jected, rescaled 4-acceleration/4- force equation 

-j{U,u)~^ P{u)D u/dTu = ~D(^f^){U,u)u/dT(^u^^) 
7(f/,u)[-a(u) + {-oj{u) + e{u)}^u{U,u)] 
j{U, u) [g{u) + if(f^) {u) L u{U, u)] , (7) 

arising from the intrinsic derivative of u along U with respect to the test particle 
proper time tu , may be moved to the right hand side with a positive sign in order to 
be interpreted as inertial forces due to the motion of the observers themselves. These 
inertial forces involve the kinematical quantities of the observer congruence, namely 
the acceleration vector field a{u) (leading to a gravitoelectric field and a spatial 
gravitoelectric gravitational force) and their vorticity/rotation u){u) and expansion 
6{u) mixed tensor fields (leading to a gravitomagnetic vector field and tensor field 
and a Coriolis or gravitomagnetic force linear in the relative velocity, modulo the 
gamma factor). This reflects the observer measurement orthogonal decomposition 
at the derivative level. 

The further relative motion orthogonal decomposition of the observer local rest 
spaces LRSu along the test particle world line may be similarly used to decompose 
the temporal derivative of the 3-momentum into a longitudinal relative acceleration 
term and a transverse one 

p{U,u) = MU,u)\\i>{U,u) , 
D(fy,){U,u)p{U,u)/dT(u,u) = [D{f^){U,u)\\p{U,u)\\/dT(u,u)\KU,u) 

+ \\p{U,u)\\D(i^){U,u) v{U,u)/dT^u,u) , (8) 

the latter of which may be re-expressed in the form 

[D^i^){U,u)p{U,u)/d^u,u)]^^^ = liU,u)a[f2^iU,u) , 

«(fw)(t^'«) = HU,u)^[D^f^)iU,u)HU,u)/d£^u,u)] , (9) 
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where the derivative has been reparametrized using the spatial arclcngth parametri- 
zation, corresponding to the relationship dH^jj^u)/ dT^jj^^-^ — \ \u{U,u)\\^ and where 

a(i^){U,u) = D(f^){U,u)v{U,u)/dT(u,u) 

is the Fermi- Walker relative acceleration. Apart from the additional gamma factor, 
the second term in the decomposition of the spatial momentum rate of change above 
is the transverse part of the relative acceleration, namely the Fermi- Walker relative 
centripetal acceleration. The factor in square brackets in the latter expression may 
be expressed in terms of its direction (relative normal) and magnitude (relative 
curvature) 

-D(fw)(f/,M)i>(C/,u)/d^([/,„) = K(f„)(f/,M)7}(fw)(C/,u) , (10) 

with the reciprocal of the magnitude defining the Fermi- Walker relative curvature 
P{tw){U, u) of the world line, in terms of which the Fermi- Walker relative centripetal 
acceleration takes its usual form familiar from nonrelativistic mechanics 

^[2)^U,u) - [y{U,uf/p(,^){JJ,u)]r^(,^){U,u) . (11) 

Continuing this leads to the Fermi- Walker relative bi-normal ^(fw) {U^ u) and torsion 
'''(fw) (f^j w) for the test world line and the remaining relative Frenet-Serret equations 
in complete-analogy with the geometry of a curve in a three-dimensional Riemannian 
manifold. These remaining relative Frenet-Serret equations are given by 

"«(;7,ti) 

(fw)(C^,w)|^^^^^^^^^ = -r(fw)(C/,u)f)(fw)(f/,M) , (12) 



or 



where 



"«(;7,u) 



{E{i^){U,u)a} = {j>(?7,it),77(fw)(C/, u),C(fw)(t^,'") = i>{U,u) Xu ?7(fw) (!/,-«)} 

(14) 

and W(f^)(C/,u) = T,^f^^{U,u)i>{U,u) + k({^^{U,u)i(^f^){U,u). 

The centripetal acceleration term may also be moved to the right hand side of 
this equation with a minus sign to be interpreted as a "centrifugal force," which 
might be useful for the case of relative motion at fixed speed where the longitudinal 
acceleration vanishes (purely transverse relative motion), in order to interpret the 
acceleration/force equation as a balance of spatial forces. Although this transverse 
term also belongs to the test particle local rest space LRSjj, it does not directly 
correspond to a force in that frame, since it only has meaning in the context of 
the entire observer local rest space, where the remaining terms in this projected 
acceleration/force equation live in general, and is also scaled by a factor of gamma 
compared to a component of the 4-force in the test particle local rest space. 
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The longitudinal 3-acceleration term may also be moved to the right hand 

side with a minus sign and interpreted as an "Euler" force in the terminology of 
Abramowicz et al, so that the entire equation may be thought of as a balance of 
3-forces from the point of view of the family of observers along the test world line. 

5 Variations of the Projected Intrinsic Derivative 

Observer measurements of tensor fields and tensor field differential operators involve 

the observer measured derivative operators 

V(u)X = P{u)VX , 
V(fw)(w)^ = P{u)VuX , V^ne)iu)X = Piu)£uX = £{u)^X . (15) 

The first is the spatial covariant derivative, for which the spatial metric h{u) is co- 
variant constant. In addition to the last two of these which are temporal derivatives, 
namely the spatial Fermi- Walker derivative and the spatial Lie derivative along u, 
one may introduce a third temporal derivative, the corotating spatial Fermi- Walker 
derivative, so that the three are related as follows when acting on a vector field X 

V(cfw)(«)^ = V(fw)(«)X + a;(«)l_X 

= V(Ue)(w)X + %)LX , (16) 

differing among themselves only by the action of a linear transformation of the 
observer local rest space. The spatial metric has vanishing derivative with respect 
to only the Fermi- Walker and corotating Fermi- Walker such derivatives, while it 
has a nonvanishing derivative V(iic) = 29{u)^ so that index-shifting with 

the spatial metric does not commute with this latter derivative unless the expansion 
tensor vanishes, as occurs in the case of a stationary Killing observer congruence in 
a stationary spacetime, where the Lie and corotating spatial temporal derivatives 
along the observer congruence coincide. 

If X is a tensor field on spacetime, its intrinsic derivative along a timelikc test 
particle world line with 4-vclocity U equals its covariant derivative along U 

DX/dTu = VuX = jiU, u) [V„ + V,(f/,„)]X . (17) 

Spatially projecting this leads to the Fermi- Walker spatial intrinsic derivative along 
the world line. Changing the parametrization to observer proper time as well leads 
to 

D(fw) (t/, u) X/dT^u^u) = V(fw) {u)X + V{v)„(u,u)X . (18) 

This may be extended to define two other spatial intrinsic derivatives along the test 
world line by replacing the Fermi- Walker temporal derivative by the corotating one 
or the spatial Lie derivative along u 

-D(tem) {U, U) X/dT^u,u) = V(tem) {u)X + V{u)^(^u,u)X , tem=fw,cfw,lie , (19) 

which are then related to each other in the same way as the observer temporal 
derivatives that they generalize. For example, for a vector field X one has 

-D(cfw) {U, u) X/dTi^u,u) = ^(fw) {U, u) X/ d^u^^-) + uj(u) \_X 

= D^ue)iU,u)X/dT^u,u)+0iu)\-X , (20) 
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In order to express these operators in a form in which they may be directly 

applied to a field defined only along the world line, one obtains a formula analogous 
to the one for the intrinsic derivative itself with respect to some choice of spacetime 
frame, involving the components of the connection with respect to that frame 

DX°'ldTu = dX°'/dTu + T^fs^U'^X'-' . (21) 

For the projected intrinsic derivatives, reparametrized to observer proper time, the 
appropriate projections of these connection component terms are joined by addi- 
tional kinematical terms in the "cfw" and "lie" cases 

D(te-m)X°'/dT,^U,u) = dX°'/dT(^u,u) + \te-m){u)°' fS^W^ X'^ /j{U,u) , tom=fw,cfw,lie . 

(22) 

The projections of the connection component terms themselves involve the spatial 
connection components (associated with the spatial metric h{u)) and kinematical 
terms. However, only the Fermi- Walker and corotating Fermi- Walker such deriva- 
tives commute with index-shifting, while the Lie such derivative of the spatial metric 
is 

D(He)(f/, U) h{u)/dT^u,u) = "^Oiuf , (23) 

so an additional expansion term appears when shifting indices on an object being 
differentiated by this derivative, so that derivatives of the contravariant and covari- 
ant forms of a vector field differ by an expansion term. Another consequence of this 
is that its derivative of a unit spatial vector field is not orthogonal to the original 

vector field in general 

HU,u)-D(ii,^(U,u)u{U,u)/dT(u,u)^-\HU,u)\\-'e{uY , (24) 

in contrast with the situation for the other two derivatives which respect spatial 
inner products. 

Thus for a given observer congruence, one has four different natural "rela- 
tive Prenet-Serret structures" along a test particle world line corresponding to 
the three temporal derivative operators with the index-shifting complication, and 
four different decompositions of the acceleration/force equation and its respective 
terms, corresponding to different pairs of numerical coefficients of the vorticity and 
expansion terms in the gravitomagnetic field tensor. 

For a stationary spacetime with a stationary observer congruence, it is most 
natural to use the Lie spatial intrinsic derivative, since it is the one most closely 
connected to the spatial geometry without additional kinematical linear transfor- 
mations of the spatial tangent space. If the observer congruence is along a Killing 
direction, then this derivative also commutes with index-shifting by the spatial 
metric, and the Lie relative Frenet-Serret structure on the observer quotient mani- 
fold coincides with the Riemannian Frenet-Serret structure of the time-independent 
spatial metric there. If the relative observer world sheet is a group orbit in the sta- 
tionary axisymmetric case (circular orbits), then the Lie spatial intrinsic derivative 
of the unit spatial velocity is also transverse. 

The most interesting nontrivial case to study along these lines is that of the 
(noncircular) spherical accelerated orbits and geodesies in a Kerr black hole space- 
time. These do not follow Killing trajectories and in general are not characterized 
by transverse relative acceleration. 
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6 Further Complications 

Usually spacetime splittings are facilitated by the use of adapted coordinate systems, 
or more generally by equivalence classes of such coordinate systems which define a 
parametrized nonlinear reference frame. This "full splitting of spacetime," as 
opposed to the partial splitting provided by an observer congruence alone, involves 
the independent structures of a slicing of the spacetime by a family of hypersurfaces 
parametrized by a time function and a threading of this family by a transversal con- 
gruence of curves. Depending on the causality properties of these two components 
one can adopt one of two possible points of view using this structure. 

If the congruence is timelike, one can interpret it as the observer congruence, 
leading to the threading point of view. If the slicing is spacelike, one can interpret 
its field of unit normals as the observer congruence, leading to the hypersurface 
point of view. One can also adopt the slicing point of view using the threading to 
evolve the fields in spacetime rather than the observer congruence itself. All the 
geometry of the threading and hypersurface points of view is identical with that 
already discussed above for the observer congruence, while some new features arise 
from the bi-conguence approach of the slicing point of view. In particular the slicing 
point of view leads to a further temporal derivative along the threading and along 
the test world lines. This slicing point of. view is the foundation of Black Holes: The 
Membrane Paradigm by Thorne et al. E3 For black holes, the natural parametrized 
nonlinear reference frame is the one associated with Boyer-Lindquist coordinates, 
for which the zero- angular-momentum observers (ZAMO's) are the hypersurface 
normal observers, the static Killing observers are the threading observers, and the 
threading evolution vector field is the time coordinate derivative Killing vector field. 
For any parametrized nonlinear reference frame, one has 4 x 3 = 12 (hypersurface, 
threading, slicing contravariant, slicing covariant and "lie," "cfw," "fw") different 
decompositions of the 4- acceleration/4- force equation. 

7 Spatial Conformal Transformations 

For stationary spacetimes with a stationary family of observers and a stationary 
parametrized nonlinear reference frame (Lie dragged into itself by the symmetry 
group action) one may perform a conformal transformation of the spatial geometry 
on the observer quotient space which absorbs the spatial gravitational force term 
for massless test particles into the projected intrinsic derivative, leaving only the 
Coriolis or gravitomagnetic force remaining. (This can be done in any of the three 
points of view: threading, hypersurface, and slicing, although without stationarity, 
the part of the gravitoelectric force involving the Lie derivative of the shift remains 
present as well. This doubles the number of variations of the force decomposition 
to 24 for a parametrized nonlinear reference frame.) This gravitomagnetic force 
vanishes in a static spacetime with a static Killing observer congruence (for which 
all 12 variations of the acceleration decomposition coincide) so that the projection of 
null geodesies onto the observer quotient space leads to geodesies of the conformally 
rescaled spatial geometry, a fact known as Fermat's principle, well known for many 
decades. 
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Abramowicz et al have called this the "optical geometry" and Perlick the 
"Fermat geometry." This change in variables essentially shuffles terms in the 
measured acceleration/force equation between the 3- acceleration (longitudinal and 
transverse terms) and the spatial gravitoelectric force, apart from conformal rescal- 
ings. 

In a stationary spacetime, the optical geometry is not itself directly linked to 
the paths of null geodesies, but in some sense to the average motion obtained by av- 
eraging the gravitomagnetic deflection in opposite directions of photon trajectories 
from the spatial geodesic paths. It is yet to be seen how this can help understand 
the physical properties of such spacetimes or of more general ones. 



8 Difficulties from Not Using the Natural Mathematical Structure 

8.1 Angular Velocity versus 3- Velocity in Stationary Axisymmetric Spacetimes 

A minor inconvenience of the use of the angular velocity (connected with global 
behavior) to parametrize the description of local physical quantities is that one 
has no sense of the magnitude of the physical velocities involved, and graphs of 
various affects are distorted by the map between the (coordinate) angular velocity 
and angular physical component of the spatial velocity. By using instead the lat- 
ter physical component with respect to natural observer families, comparisons are 
more clear, especially when one is interested in those velocities which correspond 
to timelike motion: the velocities which bound this interval have absolute value 1, 
while the corresponding bounding angular velocities are in general two complicated 
functions of the radius. However, since for example, De Felice or Semerak or Page 
do not directly refer to observer congruences but work with spacetime quantities, 
the angular velocity variable is natural for them. On the other hand, even in the 
spacetime discussion, the ZAMO's provide a natural way to convert angular veloc- 
ities into physical spatial velocities in the angular direction in the entire exterior 
region of a black hole, and this new choice of variable can help better visualize the 
meaning of many graphs frequently displayed in their analyses. 

In particular, the radial acceleration of the often studied equatorial plane circu- 
lar orbits in a rotating black hole spacetime is a fractional quadratic function of the 
angular velocity fi, or of de Felice's fractional linearly related y variable, or of the 
physical velocity in the angular direction v with respect to any observers in circular 
motion, all variables which are related to each other by at most linear or fractional 
linear transformations. The simplest and most directly interpretable of all these 
variables seems to be the physical velocity in the angular direction with resDecjt to 
the ZAMO observers, which are defined in the entire exterior of the hole. Ejo Its 
use rectangularizes the region in the radius- velocity plane corresponding to timelike 
or lightlike motion (for which v G [—1, 1]), removing the radial deformation of this 
region in the plane of the radius and an angular velocity related variable. 
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8.2 Abramowicz et al and Spatial Projections 

The fundamental equatkuis of determining the observer congruence in the Abramo- 
wicz approach are now £3 

5(n,n) = -l, cj(n) = , a(n) = V(n)$ . (25) 

Given any unit hypersurface-forming timehke vector field n on spacetime (the con- 
tent of the first two equations) , the third equation defines an acceleration potential 
for this observer congruence (discussed e.g., by Ehlers l22l) which is equivalent to a 
choice of lapse function N for the corresponding family of integral hypersurfaces of 
n, or equivalently a choice of time function t parametrizing this family, from which 
one may define the acceleration potential <I> = — hidt{n) (equivalent to N = e*). 

Omitting the spatial projection of the gradient in the definition of the acceler- 
ation potential leads to the original version of the third Abramowicz fundamental 
equation 

a{n) = V$ . (26) 

Since = n • a{n) — V^^, it is clear that one must now impose the consistency 
condition »f„$ = (equivalently £nN = 0) on the acceleration potential and ob- 
server 4- velocity which limits the generality of the observer congruence. This older 
version only permits observer congruences for which the normal component n ■ X 
of any generating vector field X for a time function t parametrizing its family of 
integral hypersurfaces {dt{X) = 1) is Lie dragged along the congruence. In particu- 
lar inertial observers of the Newtonian limit do not belong to the solution space oi 
this older version of the fundamental equations as noted by Sonego and Massar, c3 
while they are clearly permitted by the new fundamental equations which have an 
arbitrary timelike congruence as their solution. 

There is also the question of the missing spatial projections in the decomposition 
of the spatial acceleration also noted by Sonego and Massar. In various discussions 
of the approach, the "comoving frame of the test particle" (namely LRSjj) 
has been brought into the discussion of the various terms in the decomposition 
of its 4-acceleration. However, in general only the centripetal acceleration term, 
however defined, lies in this local rest space and the observer local rest space. The 
longitudinal acceleration, however defined, lies in the observer local rest space, 
while the gravitational force, however defined, need not belong to either one unless 
spatially projected. The only consistent interpretation of the various force terms is 
to spatially project them into the local rest space of the observer. With the remarks 
of Sonego and Massar about the Newtoniajn limit, this spatial projection has finally 
been incorporated by Abramowicz et al. Ej 

8.3 Unnatural derivatives 

The use of an unnatural representation of derivatives along the test particle world 
line instead of one of the projected spatial intrinsic derivatives obscures all of the 
calculations of the Abramowicz et al approach and others like Semerak who have 
adopted the same notation when decomposing the 4-acceleration of a test particle 
world line. These derivatives had their origins in studying world lines which were 
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integral curves of Killing vector fields in stationary spacetimes, and so one could triv- 
ially extend vectors along the world lines to the entire relative observer world sheet 
and interpret derivatives along the direction of relative motion of these extended 
fields. This does not work for more general world lines in stationary spacetimes, 
and it requires detailed analysis to understand what preferred extensions simplify 
the resulting derivative. 

Although formally ambiguous, one can almost guess how they were interpreted 
in their actual calculations. Later they realized this ambiguity when trying to 
extend their work to nonstationary spacetimes and tried to correct it by choosing 
a gauge condition to extend the relevant fields along the world line to the entire 
world sheet, but even this has had its problems complicated by the fact that sign 
problems plagued the inequivalent contravariant and covariant versions of this gauge 
condition which alternately appear in different discussions (index shifting does not 
commute with the Lie derivative). 

Their intuition was clouded by the special features of transverse relative motion 
(circular orbits in stationary axisymmetric spacetimes), so the need for an additional 
spatial projection was not immediately understood. The same remains true of their 
current gauge condition, which is still not the natural one for a general spacetime. 

They use a gauge condition to extend the spatial velocity off the test world line 
in order to define their optical spatial derivative 

V(")^(^,„)^(C/,n) (27) 

of the optical unit spatial velocity on the test world line in a direction not tangent to 
the world line on which it is defined. Interpreting how this gauge condition relates 
their formal derivatives to the various projected intrinsic derivatives is a formidable 
barrier to follow their calculations, especially since it seems to be a moving target 
in the Abramowicz et al force decomposition discussion. 

The observer orthogonal decomposition of the Lie derivative along the rescaled 
observer 4-velocity field of a vector field X (orthogonally decomposed as X = 
X'^{n)+X{n)) is 

N-^£NnX = [£nX^{n)]n + £{n)nX{n) . (28) 

In order to give meaning to the spatial derivative V(n) of the spatial velocity unit 
vector L'{U,n) of the test particle, the gauge condition of Lie dragging along Nn, 
namely £ Nni^{U,n) = 0, which implies 

£in)nHU,n) = V(f„)(n)i>(C/,n) - (?(n) Li>(;7, n) = (29) 

is used to extend to spatial velocity from the world line to the entire observer world 
sheet containing it. In fact this should only be done locally in some neighborhood 

of the world line since a world line which does not have unique intersections with 
each observer world line it meets cannot in general be compatible with such a global 
extension. 

However, the more natural gauge condition on the local extension of the (con- 
travariant) optical unit spatial velocity 

V(iio)(n)z>(f7, n) = £{n)ni'{U,n) = 0^ 

^(iie)(t^,n) 0{U,nf/dli^u,n) = V(M)^(y_„) i'{U,n) (30) 
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makes their spatial derivative of this quantity agree with the contravariant version 
of the natural optical spatial Lie intrinsic derivative with respect _to the observer 
optical spatial arc length parametrization (see (A. 20) of Bini et alcj) 

= [l/v{U,n)][V^y,,){n) + V{U,n)i{U,nrV{n)^]b{U,nf 

+Pn{U,n)''^^P ^V{nY\nN + v{U,nf /v{U,n)V (y,,){n)\nN] , (31) 

where the first equality defines the equivalent action of the new derivative on a 
congruence of test particle world lines, while the second defines it for a single such 
world line, and V(n) is the optical spatial covariant derivative satisfying V(n)/i(n) = 
0. Their current condition leads to additional terms which only vanish for motion 
along Killing directions in a stationary spacetime referred to a stationary observer 
congruence. With our present choice of gauge condition, their final decomposition 
of forces becomes the hypersurface point of view optical decomposition (15.7) of 
Bini et al, 113 with their Coriolis force term coinciding with the gravitomagnetic 
term which in this case is due to the expansion of the observer congruence alone. 

Following their steps (and continuing revisions) requires some patience, but the 
end result is clear: their goal is just one of the 12 optical possibilities outhned above 
in the more general setting (including observer 4- velocity fields with nonzero vortic- 
ity and the bi-congruence slicing point of view) that follow cleanly from performing 
a space-plus-time split of spacetime, accompanied by the natural Fermat's principle 
spatial conformal transformation. 



9 Cumulative Drag Index 



Prasanna and Iyer EsJEa have introduced a "cumulative drag index" for circular 
orbits in the equatorial plane of the Kerr spacetime in an effort to find some intrin- 
sic characterization of spacetimes with rotation. In their notation for the optical 
decomposition of the radial acceleration of such a circular orbit, this index is 

_ Cf + Co-Gr 
^-Cf + Co + Gr 

or 

where Co, Cf, and Gr are the centrifugal force, optical Coriolis force, and optical 
gravitational force in the hypersurface point of view, modulo sign (the acceleration 
term versus inertial force sign). This may be rewritten in the gravitoelectromag- 
netism notation in terms of orthonormal components with respect to the orthogonal 
Boyer-Lindquist spatial coordinate frame (using the associated parametrized non- 
linear reference frame) as 

^ a{Uf 
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. ^iMWL, ,34, 

where k — K{U,n)'^, v± = i'{U±,n)'f', v — v{U^n)'^, and U± are the geodesic 4- 
velocities and where the physical component of the radial acceleration is 

(1 - v^) 

= 7' [^^^ ~ g{nf ~ H^t^) (ny^iy] . (35) 

The zero's of the denominator of the quantity (1 — C)/2 coincide with those of 
C and occur at the geodesic velocities. The zero's of the numerator of this quantity 
are qualitatively similar to the zeros of C but in contrast have geometric meaning 
as the light velocities. The gamma factor 7"^ — 1 — i/^ leading to those zeros may 
be removed from this quantity by instead taking the ratio of the part of the total 
acceleration due to the gravitoelectric force and the total acceleration itself 

7(l-Cj/2 = = -. (36) 

One factor of gamma in this formula is part of the spatial gravitational force, while 
the second factor corresponds to the conversion back to the test particle proper 
time force component, in order to be compared to the test particle 3-acceleration. 
In a similar way one could also introduce the ratios of the gravitomagnetic or cen- 
tripetal force terms to the total radial acceleration, yielding a total of three new 
indices measuring the relative importance of these three contributions to the total 
acceleration. However, but they are all infinite for geodesies and do not seem to 
have a particularly intrinsic meaning apart from the fact that the ZAMO observers 
are geometrically defined by the symmetry of the spacetime. 



10 Towards a Better Understanding of the Arena of Classical General 
Relativity 

We have no interest in attacking personalities or their work. The fact that after all 
these years, such confusion can still prevail in a topic like this shows the importance 
of clarifying the basic tools we are using. All the formalism of gravitoelectromag- 
netism, the "relativity of spacetime splittings," is not our invention, nor that of 
all the others who have worked on various aspects of it over the past half century. 
(References are given elsewhere. e3) It flows naturally from the mathematical foun- 
dations of general relativity. One only has to respect the natural mathematical 
structure already present, and use a notation which unambiguously describes all 
the possible variations that are allowed by that structure. The utility of any of the 
approaches which fall under this umbrella depends on the particular application 
and what advantages in understanding it can convey to us. Certainly introducing 
complication in an existing spacetime which does not help us appreciate its proper- 
ties better than a direct spacetime approach is not useful, but in many situations, 
a space-plus-time perspective does yield useful information. 
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We appreciate all of the work done on this topic in static spacetimes, where the 

elegance of the application clearly provides the motivation to extend it to stationary 
and more general spacetimes. Indeed one may extend the optical geometry approach 
in a consistent way not only to arbitrary hypersurface- forming timelike vector fields 
in any spacetime, but to any arbitrary timelikc vector field, or to the context of 
the slicing approach of ADM. However, unless we are able to communicate with 
each other in a clear way, any advantages of one approach or another will remain 
locked in that approach without the possibility of others appreciating its meaning 
or translating it into their language. Our ultimate goal after all is to shed more 
light on a rather complicated theory, in a way that we can all benefit. We hope that 
the ideas described in the present article may contribute to a better understanding 
among us about what we are all doing and what it all means in relationship to each 
of our perspectives. 

References 

[I] Abramowicz M A and Lasota J P 1974 A Note on a Paradoxical Property of 

the Schwarzschild Solution Acta Phys. Polonica B5 327 
[2] Abramowicz M A and Lasota J P 1986 On Traveling Round Without Feeling 

It and Uncurving Curves Am. J. Phys. 54 936 
[3] Abramowicz M A, Carter B and Lasota J P 1988 Optical Reference Geometry 

for Stationary and Static Dynamics Gen. Relativ. Grav. 20 1173 
[4] Abramowicz M A and Prasanna A R 1990 Centrifugal- force Reversal Near a 

Schwarzschild Black Hole Mon. Not. R. Ast. Soc. 245 720 
[5] Abramowicz M A 1990 Centrifugal Force: A Few Surprises Mon. Not. R. Ast. 

Soc. 245 733 

[6] Chakrabarti S K and Prasanna A R 1990 The Classical Forces in the Kerr 
Geometry J. Astrophys Astro. 11 29 

[7] Prasanna A R and Chakrabarti S K 1990 Angular Momentum Coupling and 
Optical Reference Geometry in Kerr Spacetime Gen. Relativ. Grav. 22 987 

[8] Abramowicz M A 1990 Unexpected Properties of the Centrifugal Force in 
1989 Summer School in High Energy Physics and Cosmology ed J C Pati, S 
Randjbar-Daemi, E Sezgin and Q Shafi (Singapore: World Scientific Press) 

[9] Allen B 1990 Reversing Centrifugal Forces Nature 347 615 

[10] Abramowicz M A and Bicak J 1991 The Interplay between Relativistic Grav- 
itational, Centrifugal and Electric Forces: a Simple Example Gen. Relativ. 
Grav. 23 941 

[II] Prasanna A R and Iyer S 1991 The Radial Force on a Charged Particle 
in Superimposed Magnetic Fields on Schwarzschild Space-Time Pramana J. 
Phys 37 405 

[12] Prasanna A R 1991 Centrifugal Force in Ernst Space-Time Phys. Rev. D43 

1418 

[13] Abramowicz M A 1992 Relativity of Inwards and Outwards Mon. Not. R. 
Ast. Soc. 256 710 

[14] Abramowicz M A 1993 Inertial Forces in General Relativity in The Renais- 
sance of General Relativity ed G F R Ellis, A Lanza and J C Miller (Cam- 



19 



bridge: Cambridge University Press) 
15] Abramowicz M A 1993 Black Holes and the Centrifugal Force Paradox Sci. 
Am. 268 26 

16] Abramowicz M A, Miller J C and Stuchlik Z 1993 Concept of Radius of 

Gyration in General Relativity Phys. Rev. D47 1440 
17] Abramowicz M A and Szukiewicz E 1993 The Wall of Death Am. J. Phys. 
61 982 

18] Iyer S and Prasanna A R 1993 Centrifugal Forces in Kerr Geometry Class. 

Quantum Grav. 10 L13 
19] Chakrabarti S K 1993 Reversal of Force and Energy Coupling Around a 

Rotating Black Hole Mon. Not. R. Ast. Soc. 261 625 
20] Abramowicz M A, Nurowski P Wex N 1993 Covariant Definition of Inertial 

Forces Class. Quantum Grav. 10 L183 
21] Abramowicz M A, Nurowski P Wex N 1995 Optical Reference Geometry for 
Stationary and Axially Symmetric Spacetimes Class. Quantum Grav. 12 1467 
22] Gupta A, Iyer S and Prasanna A R 1996 Centrifugal Force and Ellipticity 
Behaviour of a Slowly Rotating Ultra Compact Object Class. Quantum Grav. 
13 2675 

23] Sonego S and Lanza A 1996 Relativistic Perihelion Advance as a Centrifugal 

Force Mon. Not. R. Ast. Soc. 279 L65 
24] Sonego S and Massar M 1996 Covariant Definition of Inertial Forces: Newto- 
nian Limit and Time-Dependent Gravitational Fields Class. Quantum Grav. 
13 139 

25] Abramowicz M A and Lasota J P 1997 A Brief Story of a Straight Circle 

Class. Quantum Grav. 14 A23 
26] Abramowicz M A, Lanza A, Miller J C and Sonego S 1997 Curving Newtonian 

Space Gen. Relativ. Grav. 29 1585 
27] Kristiansson S, Sonego S and Abramowicz M A 1998 Optical Space of the 

Reissner-Nordstrom Solutions Gen. Relativ. Grav. 30 275 
28] Prasanna A R 1997 Inertial Frame Dragging and Mach's Principle in General 

Relativity Class. Quantum Grav. 14 227 
29] Prasanna A R and Iyer S 1997 Cumulative Dragging — An Intrinsic Char- 
acterization of Stationary Spacctime Phys. Lett. A233 17 
30] Gupta A, Iyer S and Prasanna A R 1997 Behaviour of the Centrifugal Force 
and of Ellipticity for a Slowly Rotating Fluid Configuration with Different 
Equations of State Class. Quantum Grav. 14 L143 
31] Jantzen R T and Carini P 1991 Understanding Spacetimc Splittings and 
Their Relationships in Classical Mechanics and Relativity: Relationship and 
Consistency ed G Ferrarese (Naples: Bibliopolis) 185 
32] Jantzen R T, Carini P and Bini D 1992 The Many Faces of Gravitoelectro- 

magnetism Ann. Phys. (N. Y.) 215 1 
33] Carini P and Jantzen R T 1993 Gravitoelectromagnetism and the Single Gyro 
in Proceedings of the First William Fairbank Meeting on Relativistic Experi- 
ments in Space (September 1990) ed R Ruffini and M Demianski (Singapore: 
World Scientific Press) 135 
[34] Jantzen R T, Carini P and Bini D 1992 Gravitoelectromagnetism: Relativ- 



20 



ity of Splitting Formalisms in Proceedings of the Third Italian- Korean Astro- 
physics Meeting ed S Kim, H Lee and K T Kim J. Korean Phys. Soc. 25 

S233 

[35] Bini D, Carini P and Jantzen R T 1992 Applications of Gravitoelectromag- 

netism to Rotating Spacetimes in Proceedings of the Third Italian- Korean 
Astrophysics Meeting ed S Kim, H Lee, and K T Kim J. Korean Phys. Soc. 
25 S190 

[36] Jantzen R T, Carini P and Bini D 1993 Gravitoelectromagnctism: Relativity 
of Splitting Formalisms in Proceedings of the Sixth Marcel Grossmann Meeting 
on General Relativity (1991) ed H Sato and T Nakamura (Singapore: World 
Scientific Press) 135 

[37] Carini P, Bini D and Jantzen R T 1993 Gravitoelectromagnctism: Applica- 
tions to Rotating Minkowski Godel and Kerr Spacetimes in Proceedings of the 
Sixth Marcel Grossmann Meeting on General Relativity (1991) ed H Sato and 
T Nakamura (Singapore: World Scientific Press) 1622 

[38] Bini D, Carini P, Jantzen R T and D Wilkins 1994 Thomas Precession in 
Post-Newtonian Gravitoelectromagnctism Phys. Rev. D49 2820 

[39] Bini D, Carini P and Jantzen R T 1995 Relative Observer Kinematics in 
General Relativity Class. Quantum Grav. 12 2549 

[40] Jantzen R T, Bini D and Carini P 1996 Gravitoelectromagnctism: Just a Big 
Word? in Proceedings of the Seventh Marcel Grossmann Meeting on General 
Relativity (1994) ed R T Jantzen and G M Keiser (Singapore: World Scientific 
Press) 133 

[41] Bini D, Carini P and Jantzen R T 1996 Gravitoclcctromagnetism: Further 
Applications in Proceedings of the Seventh Marcel Grossmann Meeting on 
General Relativity (1994) ed R T Jantzen and G M Keiser (Singapore: World 
Scientific Press) 519 

[42] Carini P, Bini D and Jantzen R T 1996 Gravitoelectromagnctism and Inertial 
Forces in General Relativity in Proceedings of the Seventh Marcel Grossm,ann 
Meeting on General Relativity (1994) "^-d R T Jantzen and G M Keiser (Sin- 
gapore: World Scientific Press) 522 

[43] Bini D, Carini P and Jantzen R T 1997 The Intrinsic Derivative and Cen- 
trifugal Forces I: Theoretical Foundations Int. J. Mod. Phys. D6 1 

[44] Bini D, Carini P and Jantzen R T 1997 The Intrinsic Derivative and Cen- 
trifugal Forces II: Applications to Some Familiar Stationary Axisymmetric 
Spacetimes Int. J. Mod. Phys. D6 143 

[45] Bini D, Merloni A and Jantzen R T 1998 Adapted Frames for Spacctime 
Splittings with an Additional Observer Family Nuovo Gim. 113B 611 

[46] Bini D, Jantzen R T and Merloni A 1998 Geometric Interpretation of the 
Frenet-Serret Frame Description of Circular Orbits in Stationary Axisymmet- 
ric Spacetimes (to appear) 

[47] Jantzen R T, Carini P and Bini D 2000, in Understanding Spacetime Splittings 
and Their Relationships (research monograph in preparation) 

[48] de Felice F 1971 On the Gravitational Field Acting as an Optical Medium 
Gen. Relativ. Grav. 2 347 

[49] de Felice F 1975 Analogia fra campi gravitationali e campi electromagnetici 



21 



Rend. Sc. Fis. Mat. e Nat. Accad. Naz. dei Lincei 58 (serie 8) 231 
[50] de Felice F 1979 On the Nonexistence of Nonequatorial Circular Geodesies 

with Constant Latitude in the Kerr Metric Phys. Lett. 96A 307 
[51] de Felice F and Calvani M 1979 Causality Violation in the Kerr Metric Gen. 

Relativ. Grav. 10 335 
[52] de Felice F and Bradley M 1988 Rotational Anisotropy and Repulsive Effects 

in the Kerr Metric Glass. Quantum Grav. 5 1577 
[53] de Felice F 1990 On the Circular Motion in General Relativity: Energy 

Threshold and Gravitational Strength Rendiconti Matematica Roma Serie VII 

10 59 

[54] de Felice F 1991 Rotating Frames and Measurements of Forces in General 

Relativity Mon. Not. R. Ast. Soc. 252 197 
[55] de Felice F and Usseglio-Tomasset S 1991 On the Pre-Horizon Regime in the 

Kerr Metric Class. Quantum Grav. 8 1871 
[56] de Felice F and Usseglio-Tomasset S 1992 Circular Orbits and Relative Strains 

in the Schwarzschild Spacetime Gen. Relativ. Grav. 24 1091 
[57] de Felice F and Usseglio-Tomasset S 1993 Schwarzchild Spacetime: Measure- 
ments in Orbiting Space-Stations Class. Quantum Grav. 10 353 
[58] de Felice F 1994 Kerr Metric: The Permitted Angular Velocity Pattern and 

the Pre-Horizon Regime Class. Quantum Grav. 11 1283 
[59] de Felice F 1995 Circular Orbits: A New Relativistic Effect in the Weak 

Gravitational Field of a Rotating Source Class. Quantum Grav. 12 1119 
[60] de Felice F and Usseglio-Tomasset S 1996 Strains and Rigidity in Black Hole 

Fields Gen. Relativ. Grav. 28 179 
[61] Honig E, Schiicking E L and Vishveshwara C W 1974 Motion of Charged 

Particles in Homogeneous Electromagnetic Fields J. Math. Phys. 15 744 
[62] Greene R D, Schiicking E L and Vishveshwara C V 1975 The Rest Frame in 

Stationary Space-times with Axial Symmetry J. Math. Phys. 16 153 
[63] Iyer B R and Vishveshwara C V 1993 Frenet-Serret Description of Gyroscopic 

Precession Phys. Rev. D48 5706 
[64] Nayak K R and Vishveshwara C V 1996 Gyroscopic Precession and Inertial 

Forces in the Kerr-Newman Spacetime Class. Quantum Grav. 13 1783 
[65] Nayak K R and Vishveshwara C V 1997 Gyroscopic Precession and Centrifu- 
gal Force in the Ernst Spacetime Gen. Relativ. Grav. 29 291 
[66] Nayak K R and Vishveshwara C V 1998 Gyroscopic Precession and Inertial 

Forces in Axially Symmetric Stationary Spacetimcs Gen. Relativ. Grav. 30 

593 

[67] Aguirregabiria J M, Chamorro A Nayak K R , Suinaga J and Vishveshwara 
C V 1996 Equilibrium of a Charged Test Particle in the Kerr-Newman Space- 
time: Force Analysis Class. Quantum Grav. 13 2179 

[68] Semerak O 1993 Stationary Frames in the Kerr Field Gen. Relativ. Grav. 25 
1041 

[69] Semerak O 1994 On the Competition of Forces in the Kerr Field Astron. 
Astrophys. 291 679 

[70] Semerak O 1995 What Forces Drive the Relativistic Motion? II Nuovo Gi- 
mento "B HOB 973 



22 



Semerak O 1995 On the Occurrence of Rotospheres in the Kerr Field Physica 

Scripta 52 488 

Semerak O 1996 Extremally Accelerated Observers in Stationary Axisym- 
metric Spacetimes Gen. Relativ. Grav. 28 1151 

Semerak O 1996 What Forces Act in Relativistic Gyroscope Precession? 
Class. Quantum Grav. 13 2987 

Semerak O 1996 CoUimation (and Other) Effects of the Kerr Field: an Inter- 
pretation Astrophys Lett Commun 33 275 

Semerak O 1997 Gyroscope in Polar Orbit in the Kerr Field Gen. Relativ. 
Grav. 29 153 

Semerak O 1997 Forces at the Kerr singularity Astrophys. Space Sci. 250 
235 

Semerak O 1998 Rotospheres in Stationary Axisymmetric Spacetimes Ann. 
Phys. (N. Y.) 263 133 

Semerak O and de Felice F 1997 Quasi-Local Measurements and Orientation 
in Black Hole Fields Class. Quantum Grav. 14 2381 

Semerak O and Bicak J 1997 The Interplay Between Forces in the Kerr- 
Ncwman Field Class. Quantum Grav. 14 3135 

Tsoubelis D, Economou A and Stoghianidis E 1986 The Geodetic Effect Along 
Polar Orbits in the Kerr Spacctimc Phys. Lett. 118 113 
Tsoubelis D, Economou A and Stoghianidis E 1987 Local and Global Grav- 
itomagnetic Effects in Kerr Spacetime Phys. Rev. D36 1045 
Page D 1998 Maximal Acceleration is Nonrotating Class. Quantum Grav. 15 
1669 

Barrabes C, Boisseau B and Israel W 1995 Orbits Forces and Accretion Dy- 
namics Near Spinning Black Holes Mon. Not. R. Ast. Soc. 276 432 
Rindlcr W and Pcrlick V 1990 Rotating Coordinates as Tools for Calculating 
Circular Geodesies and Gyroscopic Precession Gen. Relativ. Grav. 22 1067 
Pcrlick V 1990 On Fermat's Principle in General Relativity: I The General 
Case Class. Quantum Grav. 7 1319 

Perlick V 1990 On Fermat's Principle in General Relativity: II The Confor- 
mally Stationary Case Class. Quantum Grav. 7 1849 

Perlick V 1990 Geometrical and Kinematical Characterization of Parallax- 
Free World Models J. Math. Phys. 29 2064 

Perlick V 1991 A Class of Stationary Charged Dust Solutions of Einstein's 
Field Equations Gen. Relativ. Grav. 23 1337 

M0ller C 1972 The Theory of Relativity, Second Edition (Oxford: Oxford 
University Press) 

Rindler W 1997 The Case Against Frame Dragging Phys. Lett. A233 25 
Ehlers J 1961 Beitrage zur relativistischen Mechanik kontinuierlicher Medien 
(Contributions to relativistic continuum mechanics) Akad. Wiss. Mainz Abh. 
Math. -Nat. Kl. Nr 11 793 [English translation by G F R Ellis 1993 Contribu- 
tions to the Relativistic Mechanics of Continuous Media Gen. Relativ. Grav. 
25 1225] 

[92] Thorne K S, Price R H and Macdonald (eds) 1986 Black Holes: The Mem- 
brane Paradigm (New Haven CT: Yale University Press) 



23 



